Abstract: After updating the determination of the combination of Kobayashi-Maskawa elements Im V * ts V td according to a new estimate of the parameterB K , we study the CP -violating ratio ε ′ /ε by means of hadronic matrix elements computed to O(p 4 ) in the chiral expansion and NLO Wilson coefficients. It is the first time that this order in chiral perturbation theory is included in the analysis. The most important effect of this improved study is the substantial reduction of the contribution of the electroweak penguin operator Q 8 2 and accordingly a reduced cancellation between the latter and the gluonic penguin operator Q 6 0 . The ratio ε ′ /ε is thus larger than previously estimated and its predicted value enjoys a smaller uncertainty. Values positive and of the order of 1 × 10 −3 are preferred even though a vanishingly small value cannot be excluded: we find ε ′ /ε = 1.5 +1.9 −1.0 × 10 −3 and ε ′ /ε = 1.2 +1.8 −0.8 × 10 −3 for the CP violating phase in the first and second quadrants respectively. They give the averaged value 1.3 +1.9 −1.0 × 10 −3 .
Introduction
The real part of the ratio ε ′ /ε is a fundamental parameter of the standard model that measures the amount of direct CP violation in the decay of a neutral kaon in two pions.
Most estimates (see refs. [1, 2, 3] for the most recent reviews) have so far agreed that values significantly larger than 10 −3 are difficult to accommodate within the standard model and that in fact values very close to zero are favoured. The reason for this smallness resides in the cancellation between the contributions of two classes of diagrams: the gluon and the electroweak penguins. Because each of them gives a contribution of order 10
and of the opposite sign, the resulting value of order 10 −4 is plagued by an uncertainty of at least 100%-as it can be readily understood by assigning an optimistic uncertainty of 10% at each of the two contributions.
The ∆S = 1 chiral lagrangian determining ε ′ /ε contains a O(p 0 ) term, O(p 2 ) terms, O(p 4 ) terms, etc. Our previous estimate [3] of ε ′ /ε , was based on the O(p 0 ) and O(p 2 ) terms, where the corresponding coefficients were calculated by means of the chiral quark model (χQM) [4, 5] . In addition, the chiral (meson) one-loop corrections for these terms were calculated. In ref. [3] we were forced to assign a rather large uncertainty to our estimate because of the almost complete cancellation between gluonic and electroweak penguin contributions. Hence, we decided to push one step further by doing a more complete analysis of the hadronic matrix elements inclusive of terms proportional to the quark current masses and up to O(p 4 ). The new contributions that have been included are:
• a so far neglected O(p 2 ) term proportional to quark current masses m q (constant), which is a correction to the momentum-independent O(p 0 ) part of the lagrangian that dominates the electroweak penguin contributions;
• the O(p 4 ) matrix elements of the relevant ∆S = 1 four-quark operators (these matrix elements correspond to certain linear combinations of chiral coefficients of the O(p 4 ) chiral lagrangian). This order has never been included before;
• the contribution of the chromomagnetic operator Q 11 (as we shall see negligible), first discussed in ref. [6] but so far never systematically included.
The most important result of this refinement of the analysis is that the O(p 2 ) mass term decreases dramatically the contribution of the electroweak pemguin operators and therefore makes ε ′ /ε bigger. Moreover, because of the less effective cancellation between the various contributions, the uncertainty of the analysis is much smaller and under better control.
Such an encouraging result makes us look forward to the next generation of experiments, under way at CERN, FERMILAB and DAΦNE, that will reach the sensitiveness of 1 − 2 × 10 −4 and hopefully resolve the present uncertainty of the results of CERN (NA31) [7] Re (ε ′ /ε) = (23 ± 7) × 10
and FERMILAB (E731) [8] Re (ε ′ /ε) = (7.4 ± 6.0) × 10
In the following subsection, before going into the detailed analysis, we summarize the notation we used in our previous work and update the determination of the combination of Kobayashi-Maskawa (KM) entries Im V * ts V td that is crucial in the study of ε ′ /ε . Such an update is required in the light of the new estimate of the parameterB K given in [9] which include terms of the same order as in the present work.
Basic formulae
The ∆S = 1 quark effective lagrangian at a scale µ < m c can be written as [10] 
where i = 1, ..., 10. The Q i are four-quark operators obtained by integrating out in the standard model the vector bosons and the heavy quarks t, b and c. They are explicitly reported in ref. [11] , along with a discussion of their bosonic representation, and are by now the standard basis for the description of ∆S = 1 transitions. The functions z i (µ) and y i (µ) are the Wilson coefficients (known to the NLO in the strong coupling expansion [12] ) and V ij the KM matrix elements; τ = −V td V * ts /V ud V * us . The quantity ε ′ /ε can be written as 4) where, referring to the ∆S = 1 quark lagrangian of eq. (1.3), 6) and
The re-scattering phases in the K 0 → ππ isospin 0 and 2 amplitudes A 0 and A 2 are taken to be δ 0 − δ 2 ≃ π/4 and they cancel out in the ratio.
The quantity Ω η+η ′ includes the effect of the isospin-breaking mixing between π 0 and the etas.
Since Im λ u = 0 according to the standard conventions, the short-distance component of ε ′ /ε is determined by the Wilson coefficients y i . Following the approach of ref. [12] , y 1 (µ) = y 2 (µ) = 0. As a consequence, the matrix elements of Q 1,2 do not directly enter the determination of ε ′ /ε. We take, as input values for the relevant quantities, the central values given in appendix of ref. [3] . We thus have
The large value in eq. (1.8) for 1/ω comes from the ∆I = 1/2 selection rule. In refs. [13, 9] we have shown that such a rule is well reproduced by the χQM evaluation of the hadronic matrix elements. As the precise values of Re A 0 and ω depend on the choice of the χQM parameters-the quark and gluon condensates and the constituent quark mass M-we have used in the ε ′ /ε estimate the range of values that reproduce the selection rule within a 10% approximation. The value taken for ε is the experimental one.
For a complete NLO study of the matrix elements also the chromomagnetic operator Q 11 has to be included. Its matrix element for the K 0 → ππ transition receives the first non-vanishing contribution at O(p 4 ) in the chiral expansion. Due to its chiral symmetry properties it contributes only to the isospin 0 channel. A discussion on the evaluation of the matrix element and its properties can be found in ref. [6] .
The Mixing Parameter Im λ t
A range for Im λ t is determined from the experimental value of ε as a function of m t and the other relevant parameters involved in the theoretical estimate. We will use the most recent NLO results for the QCD correction factors η 1,2,3 [14] and vary the ∆S = 2 hadronic parameterB K around the central value obtained within the χQM [9] .
In order to restrict the allowed values of Im λ t we solve the two equations 1.10) to find the allowed values of η and ρ, given m t , m c and [15] |ε| = (2.266 ± 0.023) × 10 −3
(1.11)
|V us | = 0.2205 ± 0.0018 (1.12)
For the renormalization group invariant parameterB K we take the range found in the
It has to be noted that the above value-although substantially larger than the LO χQM estimate [16] -is in agreement with the value extracted at the NLO in the χQM from the [9] . The theoretical uncertainty on the hadronic ∆S = 2 matrix element controls a large part of the uncertainty on the determination of Im λ t . Its value will be smaller than in other estimates due to the rather large value of B K in eq. (1.15) .
We use for the NLO order Wilson coefficients the values reported in ref. [3] . The ∆S = 2 QCD parameters are also computed at the NLO; for Λ We also include the bounds provided by the measuredB
Because of the rather large value ofB K they play a significant role, as it can be seen in the figures. 2 and 3 give the results of our analysis: the area enclosed by the two black circumferences represents the constraint of eq. (1.10), the area in between the two grey circumferences is allowed by the bounds from x d ; the area enclosed by the two solid parabolic curves represents the solution of eq. (1.9) with the range ofB K given in eq. (1.15) . By allowing twice the quoted range one obtains the area in between the dashed curves. For the central value of m 
) Chiral Lagrangian
The bosonization of the electroweak operators Q 7,8 starts with a momentum-independent terms of order O(p 0 ) in the chiral expansion; this is the reason behind their importance in the determination of the ratio ε ′ /ε . While the momentum-dependent O(p 2 ) corrections have been included (at least partially) in all previous analysis, 2 a momentum-independent correction of the same order has always been neglected. This correction correspond to a term in the chiral lagrangian proportional to the quark current mass matrix:
where
was not determined in ref. [11] because, although of O(p 2 ), it vanishes in the chiral limit m q → 0 and it was erroneously thought to give a negligible contribution. By comparing the χQM calculation with that of the chiral lagrangian, for a convenient mesonic transition, one finds
The determination above yields the following corrections to the Q 8 hadronic matrix elements for the 0 and 2 isospin projections of the K 0 → ππ transitions:
In ref. [17] it was showed that this coefficient should be proportional to the strong lagrangian coefficient L 8 . This can be verified via a strong chiral lagrangian calculation after inclusion of the wave-function and coupling-constant renormalization, as discussed in the appendix of ref. [9] .
The contribution of eq. (2.1) to the bosonization of the electroweak operators Q 7,8 has the sign opposite to the leading constant term discussed in ref. [3] . Its effect is to reduce the overall contribution of these operators to ε ′ /ε , the size of which becomes larger and dominated by the gluon penguin operators.
The one-loop chiral corrections for the decay amplitudes induced by this term are given by
where µ is in units of GeV and the labels (00,+−) refer to the decay into two neutral or charged pions respectively. All the relevant chiral corrections for the other terms in the ∆S = 1 chiral lagrangian may be found in ref. [11] . 
Hadronic Matrix Elements
In order to perform the present analysis, we have computed the matrix elements of the relevant operator to O(p 4 ), the next order in the chiral expansion. Such a computation was deemed necessary in order to further reduce the uncertainty in the estimate.
A complete list of the hadronic matrix elements to order O(p 2 ) is given in ref. [11] so that here we report only the NLO O(p 4 ) results. The total matrix elements have the form 1) where Q i are the operators in (1.3) whose matrix elemnts are defined as
and a 
3)
10)
11)
12)
14)
15) 18) Q 11 19) where e u = 2/3, e d = −1/3 are the up-, down-quark charges respectively, 3.20) and the gluon-condensate correction δ GG is given by
The quantities β, β G , γ and γ G γ E are dimensionless functions of the mass parameters:
(3.26)
The B i Factors
The effective factors 3.27) give the ratios between our hadronic matrix elements and those of the VSA. They are a useful way of comparing different evaluations. In Table 1 , we collect the B i factors for the relevant operators. Their values depend on the scale at which the matrix elements are evaluated an on the values of the χQM input parameters; moreover, they depend on the γ 5 -scheme employed 3 . We have given in Table 1 a representative example of their values and variations in the t' Hooft-Veltman scheme for γ 5 -that we employ throughout the analysis.
The large values of B
1,2 compared to B
1,2 reflect the ∆I = 1/2 rule in K 0 → ππ decays which is well reproduced in our approach [9] . The evaluation of the penguin matrix elements Q 3 and Q 4 in the χQM leads to sizeable deviations from the VSA. In the case of Q 3 , the χQM result has the opposite sign of the VSA result and B 3 is negative. This is the effect of the large non-perturbative gluonic corrections.
Regarding the gluon penguin operator Q 6 (and Q 5 ), we find that the χQM gives a result consistent with the VSA (and the 1/N c approach), B 6 (B 5 ) being approximately equal to one-and-a-half for small values of the quark condensate and one-half at larger values. It is the quadratic dependence (to be contrasted to the linear dependence in the χQM) of the VSA matrix element for the penguin operators that it responsible for the different weight of these operators at different values of the quark condensate.
In Table 1 we have indicated by "+ NLO-I" the sum of LO and chiral loop contributions, and by "+ NLO-II" the complete result which includes the combined effect of the O(p 4 ) χQM corrections and of the O(p 2 ) new term proportional to G (m) (discussed in sect. 2). In comparing the last two columns for the electroweak penguin operators Q 7, 8 we see at work the suppression induced by the so far neglected term: its presence more than halves the size of the B 7,8 factors.
It is interesting to compare these results with those of lattice QCD. The lattice estimate at the scale µ = 2 GeV for these operators gives B 5 = B 6 = 1.0 ± 0.2 [19] , B 
/ε
We can now discuss our results for ε ′ /ε . Fig. 4 shows the impact on the final value of ε ′ /ε of each operator for the representative central values of all input parameters and Im λ t = 0.92 × 10 −4 . The same figure also shows how the results vary from the LO predictions (black) once chiral loops (half-tone) and O(p 4 ) (gray) corrections are included. The typical size of NLO-II corrections to the matrix elements of the quark operators is a few 10%. However, their impact on the decay amplitudes is reduced by the NLO-II contributions to the wave-function renormalization. This effect is dramatic for the component of the amplitude induced by Q 6 where the above cancellation is almost complete and the overall NLO-II contribution amounts to a few percents of the whole amplitude.
The contribution of the chromomagnetic penguin Q 11 is very small as discussed in ref. [6] for two reasons: its matrix element is vanishing at the LO, and the NLO result turns out to be proportional to the pion mass. Numerically the matrix element of Q 11 is a few percents of the NLO corrections to the matrix element of Q 6 .
The dramatic reduction of the contribution of the operator Q 8 is the most important result of the present analysis. In fact, while at the LO the contribution of Q 6 and Q 8 are almost equal in absolute value and therefore give an almost vanishing (and also negative) final value for ε ′ /ε , after the complete NLO contributions to the hadronic matrix elements are brought into play, the final value of ε ′ /ε turns out to be different from zero and positive in the whole parameter range. In order to understand the error in our estimate, we now present a direct study of the determination above of ε ′ /ε . The matrix elements depend on the value of the input parametersand α s GG/π , beside that of the constituent quark mass M characteristic of the χQM.
The range of values forand α s GG/π and M are those found in ref. [9] via a NLO best fit of the ∆I = 1/2 rule: operators we can safely consider the central value of eq. (4.2) for our numerical analysis of ε ′ /ε . A further relevant parameter in determining the size of ε ′ /ε is Im λ t , as discussed in the introduction. We use the ranges given in eqs. (1.19)-(1.20) . Fig. 5 and 6 show ε ′ /ε as a function ofand Im λ t in, respectively, the first (I) and second (II) quadrants. With respect to our previous LO analysis [3] , the dependence onis weaker because the O(p 4 ) fit of the ∆I = 1/2 rule is consistent with a smaller values of, given in eq. (4.1). By varyingand Im λ t in their respective ranges while keeping M fixed at its central value, we thus find 4) which give the overall range ε ′ /ε = 1.3
The stability of the result can be gauged by comparing the variation of the surface in Fig. 5 when we vary the value of M (Fig. 7) in the range of eq. (4.3) . Analogously, the dependence on the matching scale µ, between 0.8 and 1 GeV, is shown in Fig. 8 . The most important source of uncertainty arises from the value of M, as we can see from Fig.  7 . If we include the variation of M in the final estimate, the error bars become twice as large as before and we find for instance 6) leading to the overall conservative estimate
The dependence on the remaining input parameter m s is small and can be safely neglected.
Outlook
Theoretical Predictions In Fig. 9 we summarize the present status of the theoretical predictions for ε ′ /ε. The overall range we have reported for ref. [1] is obtained by combining their results for different values of m s , corresponding to our range for the input parameter. The smaller uncertainty in the result of ref. [2] is due to the authors' Gaussian treatment of the uncertainties in the input parameters, to be contrasted to our flat scanning. The Munich group's result as well as our can be made proportionally smaller by a similar treatment of the errors.
In considering Fig. 9 , the reader should bear in mind that the Munich [1] and Rome [2] analysis only keep O(p 2 ) hadronic matrix elements. In addition, the O(p 2 ) missing term discussed in section 2 (proportional to the current quark mass) is included only in our analysis. Accordingly, the results of the other groups are probably overestimating the contribution of the operator Q 8 and therefore underestimating the final value of ε ′ /ε.
For completeness we mention the so called self-penguin contribution to ε ′ /ε considered in ref. [21] . This contribution has not been included in any systematic NLO short distance analysis. Since it is of order 3 × 10 −4 and thereby substantially smaller than the present uncertainty, it is omitted in the present analysis.
To sum up: our phenomenological analysis, based on the implementation of the χQM and chiral lagrangian methods, takes advantage of the observation that the ∆I = 1/2 selection rule in kaon decays is well reproduced in terms of three basic parameters (the constituent quark mass M and the quark and gluon condensates) in terms of which all hadronic matrix elements of the ∆S = 1 lagrangian can be expressed. We have used the best fit of the ∆I = 1/2 selection rule in kaon decays to constrain the allowed ranges of M,and GG and have fed them in the analysis of ε ′ /ε based on the NLO O(p 4 ) determination of all hadronic matrix elements. Our conclusion is that values of ε ′ /ε positive and of the order of 1 × 10 −3 are preferred, even though a vanishingly small value cannot be excluded.
